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S teel structures have been very
popular for years due to their li-
ghtness and ease and speed of
assembly [1]. Important ele-

ments in steel structures are connections
that enable easy assembly of the struc-
ture on the construction site. Connec-
tions in steel structures play a very im-
portant function because they transfer
internal forces in the structure to the
load-bearing elements, and damage to
the connection may even lead to the
destruction of the entire structure [2].
Correctly designed assembly contacts
determine the appropriate transfer of
internal forces, ensuring safe operation
[3]. Many types of connections are
available: welded, boltet, riveted and
glued. Among them, bolt connections

have many advantages, e.g. ease of as-
sembly and disassembly or repair and
replacement of damaged elements [4].
One type of bolted connections are
end-plate joints, which are characteri-
zed by simplicity of execution and the
possibility of obtaining appropriate
load-bearing capacity and stiffness,
especially in welded or hot-rolled I-sec-
tions [5].

Commonly used end-plate joints use
solid end plates through which bolts
pass (Fig. 3). In the case of connections
in which the bolt joint is loaded cyclical-
ly, a prestressed connection, i.e. catego-
ry E, should be used. In such connec-
tions, a suitably flat contact surface of
the end plates is required, because any
deformations occurring during the pro-
cess of welding the plate to the beam
may prevent proper prestressing of
the bolts. Moreover, in end-plate joint
with geometric imperfections of the end

plates under the influence of external
load, there may be a significant increase
in the forces in the bolt connectors in
relation to the initial prestressing for-
ces. In this case, the pre-stressing forces
of the bolts add up to the forces from
external loads, which may even lead to
bolt breakage [6]. In most cases, defor-
mations of end plates significantly redu-
ce the load-bearing capacity of prestres-
sed end-plate joints, which, among
others, the authors demonstrated in
their works [6 – 11].

For many years, scientists have been
trying to come up with solutions that
will be able to eliminate the unfavorable
effects of deformations occurring in the
end plates of end-plate joints. Among
other things, spacers between the front
sheets or filling the gaps between the
sheets with polymer have been propo-
sed, but these are not fully effective me-
thods, and even in some cases, the use
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Streszczenie. Skręcane połączenia doczołowe są nieodzownym
elementem każdej konstrukcji stalowej. Umożliwiają szybki i ła-
twy montaż elementów konstrukcji na budowie. W połączeniach
doczołowych mogą wystąpić nierówności podczas spawania bla-
chy czołowej do belki, co może uniemożliwić prawidłowe spręże-
nie śrub, a w efekcie doprowadzić do nierównomiernego rozkładu
w nich sił.Artykuł obejmuje analizę zmodyfikowanych skręcanych
połączeń doczołowych stalowych belek dwuteowych z dwuczę-
ściowymi blachami czołowymi w porównaniu z powszechnie sto-
sowanymi połączeniami doczołowymi z pełnymi blachami czoło-
wymi. Przeprowadzono obliczenia analityczne oraz analizę nume-
ryczną belek z połączeniami w przypadku dwóch schematów za-
mocowania belki: swobodnie podpartej oraz wspornikowej. Bada-
nymi parametrami były: rozkład naprężeń w połączeniach, mak-
symalne ugięcie belek oraz sztywność obrotowa połączeń. Wyni-
ki wykazały, że zaproponowane zmodyfikowane połączenia doczo-
łowe charakteryzują się dużą efektywnością przenoszenia obcią-
żeń oraz większą sztywnością obrotową w porównaniu ze standar-
dowymi rozwiązaniami połączeń doczołowych.
Słowa kluczowe: zmodyfikowane połączenia doczołowe; połą-
czenia skręcane; nośność połączeń; połączenia stalowych belek
dwuteowych; analiza MES.
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of spa cers may ha ve the op po si te ef fect
than in ten ded [8]. In turn, the au thors in
the ir works [5, 12] pre sen ted a new con -
cept of ma king end -pla te jo ints, in
which they re pla ced the full end pla tes
with T -stubs, cre ated by we lding the
pla tes to the be am flan ges. The au thors
di scus sed and pre sen ted the pre li mi na -
ry re sults of the nu me ri cal ana ly sis and
sho wed that this so lu tion is a go od al ter -
na ti ve to jo ints with so lid end pla tes.

The ana ly zed end -pla te jo ints are
clas si fied as fle xi ble con nec tions, which
in tilt bar struc tu res re du ce the ir cri ti cal
lo ad -be aring ca pa ci ty and li mit lo ad -
-be aring ca pa ci ty. The pro per ties of 
fle xi ble end -pla te jo ints in flu en ce,
among others, cross -sec tio nal for ces,
cri ti cal lo ad ca pa ci ty, li mit lo ad ca pa ci -
ty and struc tu re di spla ce ments. The 
ro ta tio nal stif f ness of the con nec tion 
is in flu en ced pri ma ri ly by the geo me try
of all com po nents of the jo int, in c lu ding
bolts and ad ja cent ele ments of the
chords and be am web [13]. The au thors
in [14] pre sen ted expe rien ce from ana -
ly zes of fle xi ble con nec tions and sho -
wed that all such con nec tions are de for -
ma ble and the ir me cha ni cal pro per ties
show si gni fi cant dif fe ren ces, espe cial ly
in terms of ro ta tio nal stif f ness and lo ad -
-be aring ca pa ci ty. Va ria tions in the ro ta -
tio nal stif f ness of jo ints are in flu en ced
by, among others, geo me tric im per fec -
tions of end pla tes. Due to the fle xi bi li -
ty of the con nec tion, the lo ad car ried by
the con nec ted struc tu ral ele ment af fects
the lo ad -be aring ca pa ci ty and sta bi li ty
of the struc tu re. The com plian ce cha -
rac te ri stics of a no de can be as ses sed
from the re la tion ship be twe en the ben -
ding mo ment in the con nec tion and its
an gle of ro ta tion, i.e. using the M -φ
cu rve [14].

This article presents an analysis of
modified end-plate joints of I-beams
using end plates consisting of two parts.
The proposed solutions were compared
in terms of stress distribution and
estimated rotational stiffness to standard
solutions of end-plate joints with a full
end plate. 

The aim and scope of work
The aim of the work is to per form

a nu me ri cal ana ly sis of mo di fied bol ted
end -pla te jo ints of ste el I -be ams, which

we re com pa red to com mon ly used end -
-pla te jo ints in ste el struc tu res. The aim
of the ana ly sis of mo di fied end -pla te 
jo ints is to check the pro po sed so lu tions
in terms of work ef fi cien cy and ap pli ca -
tion in struc tu res. The dia grams of the
ana ly zed end -pla te jo ints are shown in
Fig. 1. The mo di fied end -pla te jo ints
ana ly zed are in ten ded to eli mi na te so lid
end pla tes and thus avo id de via tions 
oc cur ring du ring the we lding pro cess.
Two sin gle -span be am fa ste ning sche -
mes we re ad op ted for the ana ly sis, as
shown in Fig. 2. Stan dard end -pla te 
jo ints (Fig. 1a and 1c) and mo di fied end -
-pla te jo ints (Fig. 1b and 1d) we re mo -
de led in the mid dle of the be am span.

The analysis was carried out for 1.3 m
long beams made of IPE 160 rolled 
I-sections made of S235 steel. The simply
supported beam was loaded with two
concentrated forces F1 of 65 kN applied
at a distance of 0.4 m from each of the
supports (Fig. 2a). The cantilever beam
was loaded with one concentrated force
F2 of 21.67 kN at a distance of 1.2 m
from the restraint (Fig. 2b). The force

values were assumed to be maximum
for the adopted schemes, using up to
90% of the load-bearing limit state of
the beam cross-section.
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Fig. 1. Analyzed end-plate joints of steel I-beams: a)  end-plate joint with bolts inside the
cross-section; b) end-plate joint connection with a two-part end-plate with additional side
plates and with bolts inside the cross-section; c) end-plate joint with bolts extended beyond
the cross-section in the tension zone; d) end-plate joint with a two-part end-plate and bolts
protruding beyond the section in the tension zone
Rys. 1. Ana li zo wa ne po łą cze nia do czo ło we sta lo wych be lek dwu te owych: a) po łą cze nie do czo -
ło we ze śru ba mi we wnątrz prze kro ju; b) po łą cze nie do czo ło we z dwu czę ścio wą bla chą czo ło wą
z do dat ko wy mi bla cha mi bocz ny mi oraz ze śru ba mi we wnątrz prze kro ju; c) po łą cze nie do czo -
ło we ze śru ba mi wy su nię ty mi po za prze krój w stre fie roz cią ga nej; d) po łą cze nie do czo ło we z dwu -
czę ścio wą bla chą czo ło wą oraz z wy su nię ty mi śru ba mi po za prze krój w stre fie roz cią ga nej

Fig. 2. Sta tic dia grams of be am at tach ment:
a) sim ply sup por ted be am; b) can ti le ve red
Rys. 2. Sche ma ty sta tycz ne za mo co wa nia bel -
ki: a) bel ka swo bod nie pod par ta; b) wspor nik

a) b)

c) d)

oś połączenia

L = 1,3 m

L = 1,3 m

L1 = 1,3 m

a2 = 1,2 m

a1 = 0,4 m a1 = 0,4 m

oś połączenia

0,6 m 0,6 m

0,6 m0,6 m

F1
F1

F2

a)

b)
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Ba sed on ana ly ti cal cal cu la tions, in -
ter nal for ces we re cal cu la ted for the 
ad op ted be am fa ste ning sche mes. Then,
the lo ad -be aring and se rvi ce abi li ty li mit
sta te con di tions of the ad op ted be am
pro fi le we re chec ked (Ta ble 1) ba sed on
PN -EN 1993-1-1 [15]. Due to the ad op -
ted bo un da ry con di tions in the sim ply
sup por ted be am and in or der to de ter mi -
ne the ac tu al de flec tions for the stif f ness
cal cu la tions of fle xi ble con nec tions, the
ma xi mum de flec tions for the ad op ted
sche mes we re re ad for a con ti nu ous 
be am wi tho ut a con nec tion in the An sys
pro gram. Dia grams of in ter nal for ces
and de flec tions for the ad op ted be am 
fa ste ning sche mes are shown in Fig. 3.

The ben ding and she ar lo ad -be aring
ca pa ci ty of the ste el be am cross -sec tion
was cal cu la ted in ac cor dan ce with the

stan dard [15] using for mu las (1) and (2),
whe re: Mc,Rd – ben ding lo ad -be aring ca -
pa ci ty, Wpl – ben ding strength in dex,
Vc,Rd – she ar lo ad -be aring ca pa ci ty, 
Av – she ar cross -sec tio nal area, fy – va lue
of the ste el yield strength, γM0 – par tial
fac tor.

The permissible deflection of the
beams was calculated using formula (3)
based on the standard [15], where: 
flim – permissible maximum deflection
for the cantilever/beam, L – span for the
simply supported beam (for a cantilever
beam, multiplied by 2).

flim = L/250 (3)

For the pur po se of com pa ra ti ve ana -
ly sis, two com mon ly used ty pes of end -
-pla te jo ints with so lid end pla tes we re
se lec ted (Fig. 4). The thick ness of the
end pla tes and the bolts in the con nec -
tions we re se lec ted and di men sio ned in
ac cor dan ce with PN -EN 1993-1-8 [16].
The con nec tions we re then mo di fied so
that the end pla te con si sted of two parts.
The mo di fied end -pla te jo ints are shown
in Fig. 5. Then, all ana ly zed con nec tions
we re sub jec ted to nu me ri cal ana ly sis
using the fi ni te ele ment me thod using
the An sys Re se arch pro gram. The eva -
lu ation of the jo int per for man ce was

com pa red with each other in re la tion to
the di stri bu tion of di spla ce ment stres -
ses and ro ta tio nal stif f ness.

Numerical model
Nu me ri cal mo dels of all ana ly zed 

jo ints we re cre ated in the An sys Re se -
arch pro gram by dec la ring geo me try,
bo un da ry con di tions and lo ads iden ti -
cal to the ana ly ti cal cal cu la tions. In or -
der to ma in ta in the sym me try of the
sys tem in a sim ply sup por ted be am,
non -sli ding sup ports we re ad op ted on
both si des of the be am to de ter mi ne the
ro ta tio nal stif f ness of the con nec tions.
In both ca ses, it was as su med that the
be ams we re pro tec ted aga inst buc kling.
Nu me ri cal mo dels for one of the ana -
ly zed con nec tions are pre sen ted in
Fig. 6 and 7.

3D fi ni te ele ments with an ada pti ve
mesh si ze, but not lar ger than 0.005 m,
we re used for the ste el be am and con -
nec tion ele ments. The bolts in the con -
nec tions we re mo de led in ac cor dan ce
with the VDI 2230: 2014 stan dard, mo -
de ling them from three ele ments: two
nuts and a bolt shank [17]. The va lu es of
the in i tial bolt ten sion we re se lec ted ba -
sed on the ti gh te ning to rque and pre -ten -
sion cal cu la tor [18] in ac cor dan ce with
the VDI 2230:2014 stan dard for class
10.9 bolts, as su ming the nut/bolt fric -
tion va lue µ = 0.12. The ti gh te ning 
to rque and pre lo ad for the bolts we re
de ter mi ned with 50% use of the bolt's
yield strength. The va lu es of the ad op -
ted ti gh te ning to rque and pre lo ad of the
nu me ri cal bolts are pre sen ted in Ta ble 2.
The va lue of the fric tion co ef fi cient be -
twe en the ele ments in the mo del was as -
su med to be µ = 0.2. The ma te rial va lu -
es of the ele ments we re ad op ted in ac -
cor dan ce with the stan dards [15, 16] and
are pre sen ted in Ta ble 3. Nu me ri cal cal -
cu la tions we re per for med in two ti me
steps, whe re in the first step the pre lo ad
of the bolts was set, and in the se cond
step exter nal lo ads we re set.

Discussion of the results 
of the numerical analysis

When ana ly zing the re sults, stress
di stri bu tion and ma xi mum di spla ce -
ments we re ta ken in to ac co unt. The 
di stri bu tion of nor mal lon gi tu di nal
stres ses for one of the mo di fied end -
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Mc,Rd = Mpl,Rd =
Wpl • fy

γM0

Vpl,Rd =
Aν • (fy/√3)

γM0

Fig. 3. Diagrams of bending moments – MEd, shear forces – VEd and deflections – f for the
analyzed beam schemes: a) simply supported beam; b) cantilevered
Rys. 3. Wykresy momentów zginających – MEd, sił tnących – VEd oraz ugięcia – f 
w przypadku analizowanych schematów belek: a) belka swobodnie podparta; b) wspornik

Table 1. Conditions of the ultimate and
serviceability limit state for the analyzed
static schemes of beams
Ta be la 1. Wa run ki sta nu gra nicz ne go no śno -
ści i użyt ko wal no ści ana li zo wa nych sche ma -
tów be lek

Parametrs
Static diagram of the beam

simply
supported cantilever

Bending resistance of the
cross-section [kNm] 29,09

Shear resistance of the
cross-section [kN] 108,54

ULS [%] 89,38 89,38

Permissible deflection
[mm] 4,80 9,60

SLS [%] 36,77 92,03

26 kNm

0MEd

VEd

f

0

0

0 0

0

26 kNm

65 kN

f1 = 1,765 mm
f2 = 8,805 mm

65 kN

26 kNm

21,67 kN 21,67 kN

a) b)

(1)

(2)
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Fig. 4. Schemes of commonly used bolted end connections of steel I-beams: a) end-plate
joint with bolts inside the cross-section; b) end-plate joint with bolts extended beyond the
cross-section in the tension zone
Rys. 4. Schematy konstrukcyjne powszechnie stosowanych skręcanych połączeń doczołowych
stalowych belek dwuteowych: a) połączenie doczołowe ze śrubami wewnątrz przekroju; 
b) połączenie doczołowe z wysuniętymi śrubami poza przekrój w strefie rozciąganej

Fig. 5. Schemes of the developed modified end-plate joints: a) end-plate joint with a two-
part end-plate with additional side plates and with bolts inside the section; b) end-plate
joint with a two-part end-plate and bolts protruding beyond the section in the tension zone
Rys. 5. Schematy opracowanych zmodyfikowanych połączeń doczołowych: a) połączenie
doczołowe z dwuczęściową blachą czołową z dodatkowymi blachami bocznymi oraz ze śrubami
wewnątrz przekroju; b) połączenie doczołowe z dwuczęściową blachą czołową oraz 
z wysuniętymi śrubami poza przekrój w strefie rozciąganej

Fig. 6. Numerical model of one of the
analyzed variants of a simply supported
beam with marked forces and supports
Rys. 6. Mo del nu me rycz ny jed ne go 
z ana li zo wa nych wa rian tów bel ki swo -
bod nie pod par tej z za zna czo ny mi si ła mi oraz
pod po ra mi

Fig. 7. Numerical model of one of the
analyzed variants of the cantilever beam
with marked force and restraint
Rys. 7. Mo del nu me rycz ny jed ne go z ana li zo -
wa nych wa rian tów bel ki wspor ni ko wej z za -
zna czo ną si łą oraz utwier dze niem

Table 2. Values of the assumed maximum
bolt tightening torque and maximum
preload bolt modeled in numerical models
Ta be la 2. War to ści przy ję te go mak sy mal ne go
mo men tu do krę ce nia śrub oraz mak sy mal ne -
go ob cią że nia wstęp ne go śrub za mo de lo wa -
ne w mo de lach nu me rycz nych

Bolt
diameter

Bolt
class

Yield
strength

of the
bolt

[MPa]

Bolt
tighte-
ning

torque
[Nm]

Preload
[kN]

M12 10,9 900 69,05 35,18

M16 10,9 900 168,03 66,07

Table 3. Material properties adopted in
numerical models based on standards [15, 16]
Ta be la 3. Wła ści wo ści ma te ria łów przy ję te
w mo de lach nu me rycz nych na pod sta wie
norm [15, 16]

Material property
Material value

beam, joints
elements

bolts,
nuts

Density ρ [kg/m3] 7850 7850

Poisson's 
ratio v [-] 0,3 0,3

Modulus of elasti-
city E [GPa] 210 210

Yield strength
fy [MPa] 235 900

Highest tensile
strength
fu [MPa]

360 1000

a)
A A – A

A – A

B – B

B – B

A

A

1

1

1

1

2

2

2

2

3

3 4

A 20 42
25

50

100

110160

25

40 20

45

2222 38

4

3

3

3

33

4

IPE 160 – ...

IPE 160 – ...

IPE 160 – ...

IPE 160 – ...

B1.16 x 82 – 160

B1.16 x 82 – 75

poz. 1

poz. 1

poz. 1

poz. 1

poz. 2

poz. 2

poz. 2

poz. 1

poz. 1

poz. 1

poz. 1

poz. 2
poz. 2

poz. 2

poz. 2

poz. 2

poz. 3

poz. 3
poz. 3 poz. 3

poz. 3

poz. 3

poz. 3
poz. 3

poz. 3 poz. 3

poz. 4

poz. 2

4 x M16 kl. 10,9

2 x M16 kl. 10,9

2 x M12 kl. 10,9

4 x M12 kl. 10,9

20

20

25

25

25

110

110160

22 38 22

42

40
45

6 x M12 kl. 10,9

B1.8 x 70 – 70

B1.10 x 82 – 50

B1.10 x 82 – 90 B1.6 x 40 – 40

B1.10 x 82 – 200

B

B

B

Bb)

a)

b)
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-pla te jo ints is shown in Fig. 8, whi le
the ma xi mum de flec tions re ad are pre -
sen ted in Ta ble 4.

The di stri bu tion of lon gi tu di nal stres -
ses in the sim ply sup por ted be am
(Fig. 8a) in di ca tes that in the ste el be am
ma in ly com pres si ve stres ses pre va il in
the up per sec tion band in the mid dle 
of the be am span at the sec tion of the 
hi ghest ben ding mo ment, whi le the
stres ses do not exce ed 235 MPa. It can

be se en that the smal lest stres ses oc cur
be low the neu tral axis of the cross -sec -
tion. Ad di tio nal ly, the re are con stant
stres ses in the sec tion of the ma xi mum
ben ding mo ment, which cor re la tes with
the ben ding mo ment dia gram in Fig. 3a.
The di stri bu tion of stres ses in the can ti -
le ver be am (Fig. 8b) in di ca tes that in the
ste el be am the ten si le stres ses pre do mi -
na te in the up per sec tion strip at the 
re stra int, i.e. in the pla ce of the hi ghest

ben ding mo ment ac cor ding to the dia -
gram (Fig. 3b). The stres ses in the can -
ti le ver be am al so do not exce ed
235 MPa, which pro ves com plian ce
with the ana ly ti cal cal cu la tions of the
cross -sec tion's lo ad -be aring ca pa ci ty
and the cor rect ness of the se lec tion of
the cross -sec tion to the cor re spon ding
sta tic sche me and lo ads. A sum ma ry of
the re du ced stress di stri bu tion for all
ana ly zed end -pla te jo ints is shown in

Fig. 9. The stress di stri bu tion is
pre sen ted for a mo re unfa vo ra -
ble sche me, i.e. for a sim ply
sup por ted be am, be cau se the
ma xi mum ben ding mo ment oc -
curs in the con nec tion axis.

By ana ly zing the di stri bu tion
of stres ses in the con nec tions
(Fig. 9), it is po ssi ble to as sess
the ef fi cien cy of the con nec tions
due to the di stri bu tion of in ter nal
for ces in the con nec ted be ams.
In a com mon ly used end -pla te
jo int with bolts in si de the cross -
-sec tio nal outli ne (Fig. 9a), in -
cre ased com pres si ve stres ses 
are vi si ble in the up per band, but
the to tal stres ses do not exce ed
the per mis si ble stres ses for the

ad op ted ste el gra de. In a mo di fied end -
-pla te jo int with a front pla te con si sting
of two parts and bolts lo ca ted in si de the
cross -sec tion outli ne and ad di tio nal si de
pla tes (Fig. 9b), the stres ses are di stri bu -
ted even ly on the si de pla tes, which me ans
that lo wer stres ses are vi si ble on the sec -
tion of si de pla tes in the up per chord
com pa red to for ten sion wi tho ut si de
pla tes. In a end -pla te jo int with bolts
exten ded out si de the cross -sec tion in the
lo wer chord (Fig. 9c), the stres ses are 
di stri bu ted even ly in the end pla te and
the lo ads are trans fer red mo re ef fec ti ve -
ly by the con nec tors than in a con nec tion
with bolts in si de the cross -sec tion, de -
spi te the thin ner end pla te and smal ler
dia me ter of the bolts. Bolts exten ded
bey ond the cross -sec tion are fur ther away
from the neu tral axis, thus trans fer ring
smal ler for ces re sul ting from the ben ding
mo ment. In turn, in a mo di fied end -pla te
jo int with bolts exten ded bey ond the
cross -sec tion (Fig. 9d) and a di vi ded end
pla te, the stres ses are di stri bu ted as ef fec -
ti ve ly as in the con nec tion with a full
end pla te. In cre ased stres ses oc cur at the
lo wer po int of con tact be twe en the up per
end pla te and the web, but they do not
exce ed 235 MPa. Thanks to the use of
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Fig. 8. Longitudinal normal stress distribution for the
analyzed model of a beam with end-plate joint with a
two--part end-plate and bolts protruding beyond the
cross-section in the tension zone: a) simply supported
beam; b) cantilevered beam
Rys. 8. Roz kład na prę żeń nor mal nych po dłuż nych ana -
li zo wa ne go mo de lu bel ki z po łą cze niem do czo-
ło wym z dwu czę ścio wą bla chą czo ło wą oraz z wy su nię -
ty mi śru ba mi po za prze krój w stre fie roz cią ga nej: a)
bel ka swo bod nie pod par ta; b) bel ka wspor ni ko wa

Table. 4. Maximum deflection in a simply
supported and cantilevered beam for the
analyzed schemes of beam end-plate joint,
shown in the same way as in Figure 9
Ta be la 4. Mak sy mal ne ugię cie w bel ce swo -
bod nie pod par tej oraz wspor ni ko wej w przy -
pad ku ana li zo wa nych sche ma tów do czo ło -
wych po łą czeń be lek, po ka za nych jak na ry -
sun ku 9

Analyzed
connection

model

Deflections for 
a simply supported

beam [mm]

Deflections for
a cantilever
beam[mm]

a. 1,888 9,361

b. 1,852 9,177

c. 1,834 9,121

d. 1,832 9,096

Rys. 9. Roz kład na prę żeń zre du ko wa nych w ana li zo wa nych po łą cze niach dla bel ki swo -
bod nie pod par tej [Pa]: a) po łą cze nie do czo ło we ze śru ba mi we wnątrz prze kro ju; b) po -
łą cze nie do czo ło we z dwu czę ścio wą bla chą czo ło wą z do dat ko wy mi bla cha mi bocz ny mi
oraz ze śru ba mi we wnątrz prze kro ju; c) po łą cze nie do czo ło we ze śru ba mi wy su nię ty mi
po za prze krój w stre fie roz cią ga nej; d) po łą cze nie do czo ło we z dwu czę ścio wą bla chą czo -
ło wą oraz z wy su nię ty mi śru ba mi po za prze krój w stre fie roz cią ga nej
Fig. 9. Stress reduced distribution in the analyzed connections for a simply supported beam
[Pa]: a) end-plate joint with bolts inside the cross-section; b)  end-plate joint connection with
a two-part end-plate with additional side plates and with bolts inside the cross-section; c) end-
-plate joint with bolts extended beyond the cross-section in the tension zone; d) end-plate joint
with a two-part end-plate and bolts protruding beyond the section in the tension zone

a)

a)

b)

b)

c) d)
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a trian gu lar stif fe ning pla te of the lo wer
end pla te with the be am flan ge, the
stres ses are even ly trans fer red from the
end pla te to the flan ge, which ad di tio -
nal ly stif fens the con nec tion. The stress
di stri bu tion in the ad di tio nal trian gu lar
pla te is vi si ble in Fig. 8b.

De spi te in cre ased stres ses in so me
pla ces of the con nec tions, the to tal stres -
ses do not exce ed 235 MPa, the re fo re
the ana ly zed con nec tions al low for ef -
fec ti ve con nec tion of be ams wi thin the
yield strength of ste el. In cre ased stres -
ses in bolts and nuts re sult from the
stress ran ge shown in Fig. 9 to 235 MPa,
whi le the yield strength of the bolts
is 900 MPa. The di stri bu tion of stres ses
in the bolts them se lves is shown in
Fig. 10. As can be se en in Fig. 9, the
stres ses in the bolts and nuts do not
exce ed 900 MPa, which pro ves that the
pre -stres sing for ce of the bolts was cor -
rec tly se lec ted and that the ana ly ti cal
cal cu la tions of the bolt lo ad -be aring ca -
pa ci ty we re cor rect.

The lar gest di spla ce ments for a sim -
ply sup por ted be am we re re ad at the
con nec tion axis, whi le for a can ti le ver
be am at the end of the can ti le ver. The di -
spla ce ments of be ams with con nec tions
can on ly be de ter mi ned using a nu me ri -
cal mo del, be cau se the stan dard [16] 
do es not spe ci fy a me thod for cal cu la -
ting the di spla ce ments of be ams with
con nec tions. A sum ma ry of the ma xi -
mum di spla ce ments for the ana ly zed
con nec tions is pre sen ted in Ta ble 4.

Ana ly zing the ma xi mum de flec tions
of the sim ply sup por ted be am with the
ana ly zed con nec tions, it was shown that

in terms of the smal lest de flec tions, the
best con nec tions are tho se with bolts
exten ded bey ond the cross -sec tion in the
ten sion zo ne (Fig. 9c and Fig. 9d). The se
con nec tions pro vi de de flec tions of
1.834 mm and 1.832 mm, re spec ti ve ly.
The use of an ad di tio nal stif fe ning trian -
gu lar pla te (item 4 in Fig. 5b) re sul ted in
a sli ght re duc tion in de flec tion, and as
a re sult, de spi te the use of a two -pie ce
end pla te, the de flec tion is smal ler. Sli -
gh tly gre ater de flec tions are pro vi ded
by con nec tions with bolts in si de the be -
am cross -sec tion (Fig. 9a and Fig. 9b)
with de flec tions of 1.888 mm and
1.852 mm, re spec ti ve ly. A mo di fied end -
-pla te jo int with a two -pie ce end pla te and
si de pla tes pro vi des less de flec tion than
a con nec tion with a full end pla te. For all
con nec tion va riants, the de flec tions do not
exce ed the se rvi ce abi li ty li mit sta te with
the con di tion be ing be low 39%, which
in di ca tes the ef fec ti ve ness of the ir work
in terms of ver ti cal di spla ce ments in sim -
ply sup por ted I -be ams.

Ana ly zing the ma xi -
mum de flec tions of the
can ti le ver be am, it can be
se en that, si mi lar ly to the
de flec tions of a sim ply
sup por ted be am, con nec -
tions with bolts exten ded
bey ond the cross -sec tion
in the ten sion zo ne
(Fig. 9c and Fig. 9d) 
pro vi de the smal lest 
de flec tions, amo un ting
to 9.121 mm and
9.096 mm, re spec ti ve ly.
Ho we ver, con nec tions
with bolts in si de the be -
am cross -sec tion (Fig. 9a

and Fig. 9b) en su re de flec tions of
9.361 mm and 9.177 mm, re spec ti ve ly.
As you can see, the mo di fied end -pla te
jo ints, thanks to the use of ad di tio nal
she ets, en su re smal ler de flec tions, de -
spi te the use of two -pie ce end pla tes.
For all con nec tion va riants, the de flec -
tions do not exce ed the se rvi ce abi li ty li -
mit sta te with the con di tion be ing be -
low 98%, which in di ca tes the ir ef fec ti -
ve ness in terms of ver ti cal di spla ce ments
in I -be ams in stal led as a can ti le ver.

Mo re over, ba sed on the de ter mi ned
di spla ce ments for be ams wi tho ut con -
nec tions and for be ams with con nec -

tions, the dif fe ren ce in di spla ce ments
was cal cu la ted, from which the an gles of
ro ta tion in the con nec tions re sul ting
from the work of the con nec tions them -
se lves we re then de ter mi ned using tri go -
no me tric re la tion ships. The cal cu la ted
stif f ness va lu es of ro ta ry con nec tions
are pre sen ted in Table 5.

Ana ly zing the cal cu la ted ro ta tio nal
stif f nes ses of the con nec tions, it can 
be se en that the stif fest con nec tions are
the con nec tions with bolts exten ded
bey ond the cross -sec tion in the ten -
sion zo ne, cha rac te ri zed by a ro ta tio nal
stif f ness of 113043 kNm/rad for 
the stan dard con nec tion with a full end
pla te (Fig. 9c) and 116418 kNm/rad 
for the con nec tion mo di fied with a di vi -
ded end pla te and an ad di tio nal trian -
gu lar pla te (Fig. 9d). Com pa ring the
con nec tions with bolts in si de the be am
cross -sec tion (Fig. 9a and 9b), which pro -
vi de ro ta tio nal stif f ness of 63415 kNm/rad
and 89655 kNm/rad, re spec ti ve ly, it can
be se en that the mo di fied con nec tion
thanks to si de pla tes is cha rac te ri zed 
by hi gher ro ta tio nal stif f ness de spi te 
the use of a two -pie ce end pla te. The
ana ly sis of ro ta tio nal stif f ness was 
car ried out for ben ding mo ments in the
con nec tion from 0 to 30 kNm, and 
the gra phs of the re la tion ship be twe en
the ben ding mo ment in the con nec tion
and its ro ta tion an gle (M-φ cu rves) are
pre sen ted in Fig. 11. Cu rve a. is the 
ro ta tio nal stif f ness for a stan dard end -
-pla te jo int with bolts in si de the cross -
-sec tion, cu rve b. for a end -pla te jo int
with a two -pie ce end  pla te with ad di tio -
nal si de pla tes and with bolts in si de 
the cross -sec tion, cu rve c. for a stan dard
end -pla te with bolts exten ded out si de
the cross -sec tion in the ten sion zo ne,
and cu rve d. for a end -pla te with a two -
-pie ce end  pla te and with the bolts
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Fig. 10. Stress distribution in numerical models of bolts [Pa]: 
a) M12 bolt; b) M16 bolt
Rys. 10. Rozkład naprężeń w modelach numerycznych śrub [Pa]:
a) śruba M12; b) śruba M16

Table. 5. Rotational stiffness of the
analyzed end-plate joint, shown in Fig. 9
Ta be la. 5. Sztyw ność ob ro to wa ana li zo wa -
nych po łą czeń do czo ło wych, po ka za nych
na ry sun ku 9

Analyzed 
connection model

Rotational stiffness of the
connection [kNm/rad]

a. 63415

b. 89655

c. 113043

d. 116418

a)

b)
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exten ded bey ond the cross -sec tion in the
ten sion zo ne. A com ple te ly ri gid no de is
cha rac te ri zed by its or di na te axi s 0 -M,
whi le a per fec tly ar ti cu la ted no de is 
cha rac te ri zed by the 0-φ axis, so the 
clo ser the M-φ cu rve is to the 0-M axis,
the gre ater the ro ta tio nal stif f ness of 
the con nec tion. As can be se en in
Fig. 11, the ro ta tion an gle of the con nec -
tions cal cu la ted nu me ri cal ly in cre ases
in a stra ight li ne de pen ding on the in -
cre asing ben ding mo ment, whi le expe -
ri men tal stu dies show that the cha rac-
te ri stics of most jo ints are cu rvi li ne ar
thro ugho ut the en ti re ran ge of te sts [14].
Ta king in to ac co unt the as ses sment of
the su scep ti bi li ty of the con nec tions, as
a re sult of the nu me ri cal ana ly sis, the
con nec tions can be com pa red with each
other and as ses sed in terms of ro ta tio nal
stif f ness.

Conclusions
As a re sult of the nu me ri cal ana ly sis,

the ef fec ti ve ness of bol ted end -pla te 
jo ints was as ses sed in terms of the 
ob ta ined stress di stri bu tion and ro ta tio -
nal stif f ness. In stan dard pre stres sed
end -pla te jo ints with so lid end pla tes,
a su ita bly flat con tact sur fa ce of the end
pla tes is re qu ired be cau se une ven ness
cre ated du ring the we lding of the pla te
to the be am may pre vent pro per ten sio -
ning of the bolts. In de for med con tacts,
une ven di stri bu tion of for ces in the
bolts may oc cur, which may even re sult
in the ir bre aka ge. The pro po sed mo di -
fied end -pla te jo ints ma de of end pla tes
con si sting of two parts will lar ge ly eli -
mi na te de via tions oc cur ring du ring 

the we lding pro cess. Mo di fied
con nec tions (Fig. 5) thro ugh the
use of re in for cing pla tes sho wed
bet ter stress di stri bu tion and 
lo wer de flec tions and hi gher 
ro ta tio nal stif f ness com pa red to
com mon ly used end -pla te jo ints
with so lid end pla tes (Fig. 4).
Among the ana ly zed end -pla te
jo ints, the con nec tion with bolts
exten ded bey ond the cross -sec -
tion in the ten sion zo ne was the
best be cau se it was cha rac te ri -
zed by the hi ghest ro ta tio nal stif -
f ness. Be aring in mind that in
ma ny ca ses, ele ments pro tru ding
bey ond the cross -sec tion may

ma ke the ir use in the struc tu re im pos si -
ble, an al ter na ti ve me thod of con nec -
ting be ams may be the pro po sed end -
-pla te jo int with bolts in si de the cross -
-sec tion with si de pla tes (Fig. 5a),
which is al so cha rac te ri zed by high ro -
ta tio nal stif f ness and low de flec tions
and uni form stress di stri bu tion. Mo re -
over, the or der of the ob ta ined di spla-
ce ment re sults in the FEM ana ly sis is
re la ted to the ro ta tio nal stif f ness of the
con nec tions, which af fects the lo ad -be -
aring ca pa ci ty and sta bi li ty of the struc -
tu ral sys tem.

Sum ma ri zing the ob ta ined re sults 
of the nu me ri cal ana ly sis, the mo di fied
bol ted end -pla te jo ints with two -pie ce
end pla tes pro po sed in the ar tic le may 
be an in te re sting al ter na ti ve for use in
be am con nec tions in ste el struc tu res.
Mo re over, the ana ly sis sho wed that 
the pro po sed con nec tions can work 
mo re ef fec ti ve ly than tra di tio nal ly used
end -pla te jo ints, and the cur rent de ve -
lop ment of tech no lo gy for ma king pre -
fa bri ca ted ste el ele ments al lows the ir
use. In a fur ther sta ge of the re se arch, 
the au thors will pay at ten tion to the 
ef fi cien cy of the de ve lo ped con nec tions
of ste el I -be ams as a re sult of dy na mic
lo ads. 
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Fig. 11. Rotational stiffness of the analyzed end-plate
joints (description in text)
Rys. 11. Sztyw ność ob ro to wa ana li zo wa nych po łą czeń
do czo ło wych (opis w tek ście)
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